ON MODULAR SEMIFINITE INDEX THEORY 



JENS KAAD 

Abstract. We propose a definition of a modular spectral triple which covers existing 
examples arising from KMS-states, Podles sphere and quantum SU(2). The defini- 
tion also incorporates the notion of twisted commutators appearing in recent work of 
Connes and Moscovici. We show how a finitely summable modular spectral triple ad- 
mits a twisted index pairing with unitaries satisfying a modular condition. The twist 
means that the dimensions of kernels and cokernels are measured with respect to two 
different but intimately related traces. The twisted index pairing can be expressed by 
pairing Chern characters in reduced versions of twisted cyclic theories. We end the 
paper by giving a local formula for the reduced Chern character in the case of quan- 
tum SU(2). It appears as a twisted coboundary of the Haar-state. In particular we 
present an explicit computation of the twisted index pairing arising from the sequence 
of corepresentation unitaries. As an important tool we construct a family of derived 
integration spaces associated with a weight and a trace on a semifinite von Neumann 
algebra. 
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1. Introduction 

Let us consider the core object in noncommutative geometry: A spectral triple 
{AjTijD). We recall that .4 is a (unital) *-algebra which is represented on a (pos- 
sibly graded) Hilbert space H whereas D is an unbounded selfadjoint operator with 
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compact resolvent and such that commutators with algebra elements are bounded, see 
[Con94, CoMo95]. In recent work of Connes and Moscovici an extension of this notion 
was proposed, [C0M0O8, Definition 3.1]. Instead of bounded straight commutators one 
allows for bounded twisted commutators where the twist is given by a (regular) auto- 
morphism 6 e Aut(^) of the *-algebra. Thus, the commutator relation now becomes 
[D\ x\0 = D'x — 6{x)D' G C{l-L). As a guideline for this extension one can consider the 
perturbed spectral {A, Ti, D') obtained from the spectral triple {A, Ti, D) and a positive 
invertible element g E Ahy replacing D hy D' := gDg. The twisting automorphism 
is then defined by 6{x) := g^xg~'^, x ^ A. The value at zero of zeta functions and the 
Ray-Singer analytic torsion have been computed for perturbed spectral triples of the 
above form for the noncommutative torus in [CoMoll]. See also [FaKhII]. 

A simple modification of the above idea motivates to some extend the definition of 
a modular spectral triple. Indeed, one could ask the question: 

What happens if the inverse of the perturbation factor g^ is an unbounded operator? 

Let us be more precise. Thus, let A : ^(A) — )• "H be a bounded selfadjoint, positive 
and injective diagonal operator. Associated with A we then have the one-parameter 
group of automorphisms {at} defined by 

(XtiT) := A'^TA''^ T G 

as well as the fixed point von Neumann algebra 

ecu)" := {T G C{n) I at{T) = T , t G R}. 

As compatibility relations between the spectral triple {A, Ti, D) and A we will then 
require that: 

(1) The one-parameter group of automorphisms group {at} restricts to an automor- 
phism group of A and each element in A is analytic for {at}- 

(2) The Dirac operator D is affiliated with the fixed point von Neumann algebra 

We can then form the Dirac operator D' := DA and define the perturbed spectral 
triple {AyTiyD'). It can be proved that the twisted commutator [D',x]a_i extends to 
a bounded operator where a^i G Aut(^) denotes the analytic extension of the one- 
parameter group of automorphisms at —i G C However, it is also not hard to see that 
the resolvent {i + D')~^ need no longer be compact with respect to the operator trace 
due to the unboundedness of the operator A~^. In order to solve this problem one can 
instead use the weight := Tr(A-) : C{l-L)+ [0, cxo] to measure the growth of the 
resolvent. Indeed, this weight descends to a semifinite normal faithful trace on the 
fixed point von Neumann algebra and we get that 

{i + D')-^ G /c(i:(Hr,0). 

Here ]C{C{'Hy, (p) denotes the C*-algebra of compacts associated with the fixed point 
von Neumann algebra and the trace (p. 

The perturbed spectral triple [A^T-L^D') is an example of a modular spectral triple. 
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Another motivating example comes from the work of Carey, Neshveyev, Nest and 
Rennie on the modular index theory associated with a KMS-state on a C*-algebra, see 
[CNNRll]. Under some extra assumptions these authors obtain a triple {A,J\f,D) 
where A/" is a semifinite von Neumann algebra equipped with both a weight (pu and 
a trace Tir- In this example the straight commutators are bounded but the resolvent 
again only lies in the compacts }C{J\f'^, 0d) of the centralizer of the weight 0^. 

Recent analysis of the spectral triple over the Podles sphere, as it appears in [DaSi03] 
for example, reveals that the introduction of extra unbounded factors in local Hochschild 
cocycles and zeta functions gives rise to new interesting invariants of the coordinate 
algebra, [KrWaIO, NeTu05, ReSeII]. These changes can be captured by interpreting 
the spectral triple in question as a modular spectral triple with respect to different 
weights. 

Finally, together with Roger Senior, we discovered an interesting triple 
{A{SUg{2)),'H,Dq) over quantum SU{2), see [KaSeII]. This triple also exhibits 
a "modular" behaviour and does indeed fit into the general context of the present 
paper. 

We will give a precise definition of a modular spectral triple in Section 5 of this paper. 
As the examples indicate the main features are as follows: 

(1) The commutator condition is replaced by a twisted commutator condition. 

(2) The growth of the resolvent is measured with respect to a weight instead of a 
trace. 

With the concept of a modular spectral triple in hand a natural question is: 

How to construct the Chern character of a modular spectral triple ? 

An approach to this question consists of looking at the phase F = D\D\^^ of the 
Dirac operator D and try to mimic the construction of the Chern-Connes character as 
exposed in [Con94, IV. 1. a] while replacing the trace with the weight. Thus, the Chern 
character should be defined by 

(xo, . . . , x„) H- ^(f){F[F, xo] ■ . . . ■ [F, Xn]) xo, . . . ,Xn e A. 

where (p • ~^ [O? oo] is a weight on a semifinite von Neumann algebra. Under the 
extra condition of twisted Lipschitz regularity it can be seen that the commutator [F, x] 
should have the same growth properties as the resolvent {i + D)^^. However, we are 
faced with the problem of phrasing these growth properties in an appropriate way. 
Indeed, the commutator [F, x] need not lie in the fixed point von Neumann algebra and 
Segal's theory of noncommutative L^-spaces is therefore not available. 
We present a solution to this problem by introducing a family of Frechet spaces 
r)}pe[i,oo) associated with a pair consisting of a weight and a trace r on a 
semifinite von Neumann algebra A/". Notably these derived L^-spaces satisfy the Holder 
type inclusions 



LP(0, r) ■ L'^i^, t) C t) 1/p + 1/q = 1/r 



4 



JENS KAAD 



and furthermore, we have dense subspaces {=Sf^(0, r)}pg[i^oo) such that ^^(0, r) C 
.if'^(0, r) whenever p < q. Finally, the weight induces a twisted trace : 1^-^(0, r) — )■ C 
where the twist is given by the modular automorphism group of at the imaginary 
unit. 

The basic idea is that an element x in a von Neumann algebra Af should be derived 
p-summable when the product A^^^x is p-summable with respect to the trace r : A/+ — >■ 
[0, oo]. Here A denotes the Radon-Nikodym derivative of the weight with respect to 
the trace r. 

As we have hinted at above the notion of derived summability allows us to construct 
the Chern character of a modular spectral triple. We state the result as a theorem. It 
can be obtained by combining Proposition 4.2 and Proposition 5.4 of the present paper. 

Theorem 1.1. Suppose that T> = {A,Af,D) is a unital p-summable Lipschitz regular 
modular 6-spectral triple w.r.t. the weight : A/'+ — )■ [0,oo]. Let F = D\D\^^ denote 
the phase of D. Then the Chern character 

Ch^(I)) : (a;o, . . . , ^ ^<j){r^'F[F, xq] ■ . . . ■ [F, xj) xq, . . . , x„ G ^ 

is a well-defined twisted cyclic cocycle with twist given by the modular automorphism 
ai G Aut(^) at the imaginary unit. Here 7 is the grading operator in the even case and 
n is the smallest integer of the same parity as the spectral triple with n + 1 > p. 

It is desirable to incorporate certain invariance properties of the modular spectral 
triple into the above theorem. In particular it could turn out that the commutator 
[D, x] = was trivial for all elements in a subalgebra B C A"^ of the fixed point algebra 
of the modular group of automorphisms {ctj}. We cover this situation by introducing a 
reduced version of the twisted cyclic theory. The main change consists of replacing the 
algebra A with the vector space quotient A/B in the defining complexes. Surprisingly 
enough this gives rise to well-defined chain and cochain complexes. 

In order to extract interesting numerical information from the algebra A using the 
Chern character of a modular spectral triple we need to construct a Chern character 
from a class of objects in A with values in (reduced) twisted cyclic homology. We 
will restrict ourselves to the odd case. A relevant class of objects would then a priori 
be the unitaries over the algebra. However the presence of the twisting automorphism 
cTj G Aut(^) forces us to impose an extra condition on the unitaries under consideration. 
In this paper we look at right B-modular unitaries u G Uk{A). This means that the 
product 

u* -a^iu) eGLk{B) 

is invertible over the subalgebra B C A'^ for all z E C It is then immediate that the 
Chern character 

Cht_i(M) := TR([m] ®a4.(B) [u*] ®mub) ■ ■ ■ ®A4(b) M ®A4(b) [u*]) G Z^^_-^{A/B,(r,) 

defines a i3-reduced twisted cyclic homology class for all n G N where TR denotes a 
reduced twisted version of the generalized trace. 

The final main question which we address in this paper can now be phrased: 
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Is it possible to give an index theoretical interpretation of the pairing of Chem 
characters in reduced twisted cyclic theory? 

Let us form the abstract Toeplitz operator PuP G N" where P = i?£i([0, oo)) denotes 
the spectral projection of D associated with the halfline [0, oo). The pairing of Chern 
characters should then measure the difference in size of the kernel projection Kp^p 
and the cokernel projection Kpu*p- However, the asymmetric behaviour of the weight 
and the modular unitary implies that these two projections lie in the trace ideal of 
two different semifinite von Neumann algebras. To be more precise, let us form the 
weight Tp := (p^g^i-) where g_i := u*a_i{u) is a positive element in GLk{B). The 
kernel projection Kp^p then lies in the trace ideal ^^{M'^,ip) associated with the 
centralizer of the weight whereas the cokernel projection Kpu*p lies in the trace 
ideal ^^(A/''^,0) associated with the centralizer of the weight 0. The relation between 
the pairing of Chern characters in S-reduced twisted cyclic theory and the twisted (or 
modular) index of the abstract Toeplitz operator PuP can now be stated: 

Theorem 1.2. Let u G Uk{A) he a right B-modular unitary and let T> = {A^M^D) he 
a B-invariant odd unital 2n-summahle Lipschitz regular modular 9-spectral triple with 
respect to (0, r) . We then have the identity 

lTid^{PuP) := ^(irp„p) - <P{Kp^,p) = til!^(Cht_^(«), Chf "\V)) 
hetween the twisted index pairing and the pairing of reduced Chern characters. 

The present paper concludes with a complete computation of the modular index 
pairing in the case of the modular spectral triple Vg = {A{SUg{2)) , "H, Dg) over quantum 
SU{2) defined in [KaSeII]. The main result is that the reduced Chern character 
ChJ,(r'g) G Hl{A/C, ai) is represented by the reduced twisted cocycle 

{x,y) ^ C ■ h{h^X^,y)) 

where C > is an explicit constant and h : SUq{2) — )• C denotes the Haar-state. 
In particular we get that the Chern character is trivial in non-reduced twisted cyclic 
cohomology. As a consequence we have the very simple formula for the modular index 
pairings associated with the sequence of corepresentation unitaries: 

\nd^{Pu'P) = C/2 ■ {{21 + 1) - [2/ + l]gi/2) le^NU {0}. 
Here [21 + lJgi/2 := gi/2_g-i/2 is a ^-integer. 

1.1. Acknowledgements. I would like to thank Matthias Lesch, Ryszard Nest, Adam 
Rennie and Roger Senior for many stimulating discussions. I should also mention that 
I have borrowed a fair deal of my latex setup from Matthias Lesch. I am of course 
grateful to him. I would also like to thank Etienne Blanchard and George Skandalis for 
helpful comments. Finally, I would like to thank the Danish Carlsberg Foundation for 
having supported the research for the present paper. 
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2. Derived L^'-spaces 

Let A/" be a semifinite von Neumann algebra with a fixed semifinite normal faithful 
trace r : M+ — )■ [0, oo]. Furthermore, let : 7V+ — ?• [0, oo] be a fixed semifinite normal 
faithful weight. We will use the notation {at} for the modular group of automorphisms 
associated with 0. 

In this section we will introduce a family {1/^(0, T)}pg[i oo) of Frechet spaces. Each of 
the Frechet spaces L^(0, r) is a bimodule over the analytic operators with respect to the 
modular automorphism group Furthermore, we have the Holder type inclusions 

L^(0, r) ■ L'?(0, r) C L^(0, r) 1/r = 1/p + 

Finally, we get that the weight defines a twisted trace on L} (0, r) where the twist is 
given by the analytic extension of the modular automorphism group at i. The bounded 
analytic operators in the derived L^-space will be denoted by =^^(0, r) and we have 
the inclusion .if^(0, r) C ^'^(0, r) whenever p < q. Even though the definition of the 
Frechet spaces lv^(0, r) is still in a preliminary state, they will play an important role 
for our development of a twisted index pairing. For convenience we will refer to the 
Frechet space 1/^(0, r) as the derived L^-space of order p. 

Let us recall the definition of the noncommutative L^-space associated with the trace 
r, see [Seg53]. Let p G [1, oo) and let ^^{t) denote the set of elements x & M such 
that r(|a;|P) < oo. The set =Sf^(r) becomes a normed space when equipped with the 
vector space structure from A/" and the norm || ■ ||p : =SfP(r) — )■ [0, oo), ||a;||p := t{\x\pY/'p. 

Definition 2.1. By the noncommutative W -space associated with the trace r : A/V 
[0, oo] we will understand the Banach space obtained as the completion of =^^(r) with 
respect to the norm || • ||p. The noncommutative L^-space will be denoted by L^{t). 

We remark that the noncommutative L^-spaces have an equivalent definition in terms 
of singular numbers of r-measurable operators, see [FaKo86]. 

The noncommutative L^-space L'^{t) is in fact a Hilbert space with inner product in- 
duced by {x, y) = T{x*y) for all x,y E ^"^{t). There is a faithful normal representation 
TT : A/" — 7- C{L^{t)) of the von Neumann algebra A/" on L^{t) as left multiplication oper- 
ators. We will identify Af with its image n^Af) and use the notation T-L := L'^{t). Note 
that Tx{N'y = Jti{N')J where J : L'^{t) — )■ L'^{t) is induced by the adjoint operation. 

Now, by [PeTa73, Theorem 5.12] there exists a unique selfadjoint positive non- 
singular operator A : ^(A) — >• H such that 

0(x) = lim T{A\f^xA\fj Ai/„ := A(l + A/n)-\ 

We will refer to A as the Radon- Nikodym derivative. The modular automorphism group 
of is then given by atix) = A**a;A~**, x G A/", see [PeTa73, Theorem 4.6]. 

Definition 2.2. An element x G A/" is said to be analytic when the map t at{x) 
extends to an entire map C — )■ Af, z i— )■ az{x). 

We recall that the analytic elements form a a-weakly dense *-subalgebra of Af and 
that {crz}zec is a complex parameter group of algebra automorphisms of A/^n with 
o'zix*)* = cr-(x). The analytic operators become a Frechet *-algebra when equipped 
with the fundamental system of semi-norms {]| ■ := sup(g[_„„]||crjt(x)||. 
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Let p G [l,c>o). We let ^^(0, r) denote the set of analytic operators x G A/In such 
that 

(1) The closed unbounded operator 

lies in the noncommutative L^-space Lp{t) for all r G M. 

(2) The map 1 1— >■ || A^/^(Tjt(x)||p is locally bounded. 

We note that =Sf^(0, r) is a vector space with a countable family of norms {|| ■ ||p,n}neN 
defined by 

= sup ||A^/Vjf(x)||p G [0, oo). 
We let dp denote the metric on ^^(0, r) defined by 



1 + ||x — ?/| 



p,n 



Definition 2.3. By the derived U'-space associated with the pair (0, r) we will under- 
stand the completion of r) with respect to the metric dp. The derived L^-space 
will be denoted by ^^(0, r). 

The derived L^-space r) is a Frechet space with a countable family of norms 

given by {II • ||p,„}„gN- 

Lemma 2.4. The derived L^-space comes equipped with an anti-linear map * : 
LP{(f),T) — 7- L'P{(f),r) with square equal to the identity and with ||a;*||p,„ < ||2;||p ,„_|_pi/p-| for 
all X G LP{(f), t). The operator * is induced by the adjoint operation in M . 

Proof. We only need to verify the claim on the dense subspace .if^(0, r). Thus, let 
X G ^P(0,r). We then have that (A^/po;)* = a;*AVp c ^^IPaiip{x*). In particular we 
get by r-measurability that (A^/^x)* = A^/P(Ti/p(x*), see [Ter, Proposition 12]. But 
this implies that /S}^^ait{x*) G L^{t) for all t G M. Furthermore, we get the inequality 
||3:^*||p,n < l|3^llp,n+ri/p] since * : L^^t) — )■ L^ij-) is isometric. □ 

It follows from the proof given above that the dense subspace =^^(0, r) is invariant 
for the operator * : -^^(0, r) — )■ -^^(0, r). 

Lemma 2.5. The derived U'-space is a bimodule over Af^n (^nd we have the inequality 

II?/ ■ X ■ 2^||p^n ^ II 2/ II n+ [1/p] ' ||'^||p,n ' ll^lln 

whenever x G ^^(0, r), y,z E A/In O'lT'd n G N. The module actions are induced by the 
product in M . 

Proof. As before we may restrict our attention to the dense subspace ^^(0, r). Clearly 
=SfP(0, r) is a right ideal in A/In- It is also a left ideal since =Sf*'(0, r)* = ^*'(0, r) 
and N*^ = A/In- To prove the desired product inequality we start by noting that 
a_i/p(y)A^^'Px C A^^Pyx. By r-measurability of A^^^x we thus get the identity 
cr_j/p(y)A^/% = A^/^yx. We can then conclude that 

W'PyxzWp < ||Ai/Pya;||p||^|| < |k_,/p(y)|| ■ || A^/^^xHp • ||^|| 
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which proves the claim. □ 
It follows from the proof given above that the dense subspace -Sf^(0, r) is an ideal in 

We are now ready to prove the Holder inequalities for the derived L^-spaces. This 
will be very important for our construction of the twisted index pairing. 

Lemma 2.6. Let p,q & [1, oo) . Let x G L^{(f)^ r) and let y G L'^{(f), r) and suppose that 
1/p + 1/q < 1. Then we have a well-defined product x ■ y G L^{(l), r) where 1/p +l/q = 
1/r. Furthermore, we have the Holder inequality 

\\^y\\r,n ^ ll-^llpjn+fl/ij] ' ||l/||(j,n 

for all n G N. 

Proof. We restrict our attention to the dense subspaces =Sf'P(0, r) and =Sf'^(0, r). 

By [FaKo86, Theorem 4.2] we have that the closure of the unbounded operator 
A^/P(T_j/g(x) ■ A^/'^y lies in the L'^-space L'^(t). However, using that a_i/q{x)A^/'^{^) = 
Ai/%(0 for all ^ G ^(A^/") we get the inclusion A^/P(T.i/q{x) ■ A^^'^y C A^^^'xy. It 
then follows by r-measurability that we have the identity 



A^/'xy = A^/P(r^,/g{x) ■ A^/iy G L"(r). 
Now, using the Holder inequality for L^-spaces one more time we conclude that 

\\A'/'-xy\\r< ||Ai/V_,/,(x)||,-||A^/'?y||, 
which implies the stated Holder inequality for the derived L^-spaces. □ 

We remark that the bilinear map r) x r) — )■ r) is induced by the 

product in Af and that the restriction to r) x =Sf'^(0, r) takes values in =Sf''(0, r). 

In the next lemma we study the question whether the derived L^-space is included 
in the derived L'^-space when p < q. We are however only able to prove this property 
for the dense subspaces of analytic bounded operators and leave it as an open question 
whether the result is valid for the entire derived integration space. 

Lemma 2.7. Let p,q & [IjOo) with p < q. We then have the inclusion =Sf^(0, r) C 
^'^(0, r). Furthermore, we have the size estimate 



l-rll < ll-rll^^P/'? . ll'T'llP/'J 



for all 72 G N. 



Proof. Let P := -E([0,A]) denote the spectral projection associated with the Radon- 
Nikodym derivative A and the interval [0, A] for some A > 0. We then have that 
X G ^"^(0, r) if and only if Px G ^^^(0, r) and (1 - P)x G ^^(0, r). 
To continue we note that 

Ai/%it((l - P)x) = Ai/«-i/P(l - P)Ai/Vit((l - P)x). 

This shows that (1 — P)x G ^''{(p, r) since A^/''~^/p(1 — P) G A/". Furthermore, we have 
the norm estimate 

11(1 - P)x\U,n < ||Ai/^-i/^'(l - P)|| ■ ||a:||p,„ < X'/'^-'/P ■ \\x\\,,n 
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for all n eN. 

Next, we consider the bounded analytic operator A^^'^Px. Since A^^^P is a bounded 
positive operator and t i— f^^^ is a continuous increasing convex function on [0, oo) 
which vanish at zero we get the inequality 

Ait((x*A2/''Px)^/P) = \\xf''/Pfit{{x*A^/''Px/\\xfy/P) < ||x||''?/>i(x*A2/fPx/||a;f ) 

= \\xf^''^P-^^Htix*A^/fPx) 

of singular values. See [FaKo86, Lemma 4.5] and [BrKo90, Theorem 11]. In particular 
we get that 

= llxW^-^WA'/PPxlll < oo. 
This shows that Px G ^'^{4>, t) and that we have the norm estimate 

||Px||,,„= sup ||Ai/%,i(Px)||,= sup r(((T,i(a;)*A2/^Pa,i(x))'^/2)i/^ 



< sup \\auix)\\'-P/'^ ■ ||AVv,i(Px)||P/« < WxWlr^/'^ ■ \\x 



p/g 



for all n e N. 

We have thus proved that x G ^'^{4>, t) and furthermore, by the Minkowsky inequal- 
ity we get that 

ll-^ll^jn ^ ||-P'^||g,n ~l~ ||(1 -P)'^||g,n ^ ll-^lln ^ ' ll'^llp^n ^ ^ ' ||'^||p,n 

for all A > 0. But this proves the desired size estimate as well. □ 

In the following we will be concerned with the construction of a twisted trace (j) : 
L^{(f), r) — >• C which is induced by the weight cf) : A/+ — t- C. 

We note that the complex parameter group of automorphisms : =Sf^(0, r) — )■ 
=Sf^(0, r) extends to a complex parameter group of automorphisms on the derived L^- 
spaces. Furthermore, we have the size estimate ||o"z(x) ||p^„ < ||a^||p,n+rim(2)] where Im(2;) 
refers to the imaginary part of z G C. 

We define the functional : (0, r) — )■ C by the formula 

0(x)=r(Ax) xe^\(j),T). 

We then have that |0(x)| < ||2;||i^„ for all n G N. In particular, the functional extends 
by continuity to the derived L^-space L^(0, r). 

Lemma 2.8. Let x G =Sf^(0, r). We then have the convergence result 
0(a;) = lim r(Ai/„a;) , Ai/, := A(l + A/n)-\ 

n—^oo 

Proof. Using the tracial property of the functional r : L^(r) — )■ C we get that 
r(Ai/„a;) = r(Ax(l + A/n)~^). It then follows by the normality of the trace that 

lim„^oo r(A2;(l + A/n)-^) = t{Ax) = 0(a;). □ 
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Lemma 2.9. The functional (p : L^{(f), r) — C zs invariant under the complex parameter 
group of automorphisms {(Jz}- Thus, (f){az{x)) = (f){x) for allx G L^{(j),T) and all z G C 

Proof. As usually we may restrict our attention to the analytic operators ^^{(f), r). Let 
G N. Define 4>n{y) '■= Ti^i/nV) for all V G =Sf^(0, r). By Lemma 2.8 we only need to 

show that (pnix) := ^^(^^(x)). 

We start by proving that the map z 4>n{o-z{x)) is holomorphic. 

Since r is semifinite and normal we can find positive normal functionals {uji}i(zi such 

that T{y) = '^i^j'^iiu), y G =^^(t) where the sum is absolutely convergent with 

J2 My)\ < ri\Re{y)\) + r(|Im(y)|) < 2||y||i. 

In particular we get the identity (pnio'zix)) = ^.g^ ajj(Ai/„cTx(x)). Now, each of the 
terms in the sum is holomorphic by the normality of the functionals. Furthermore, we 
have the following local uniform convergence 

s^PzeDm Yl \^i{^i/n(rz{x))\ < 2 ■ sup^g^^||Ai/„a^(2;)||i < 2||a;||i,m 

where C C is a closed disc of radius m G N and center at the origin. But this 
implies that z h- )■ 0n(cz(a^)) is holomorphic. 

The result of the lemma now follows by the uniqueness of holomorphic extensions by 
noting that 0„(crt(a;)) = 0„(a;), t G M. □ 

We can now prove that the functional : L^{(f),T) — )■ C agrees with the weight 
: A/+ — > [0, oo] whenever they are both defined. 

Lemma 2.10. Let x G =Sf^(0, r) be positive. We then have the identity 

1 /2 1 /2 

Proof. We start by recalling that 0(x) = lim„_>.oo t(A-^^^xA-^^,^). 

Let n G N. We then have the identity AJ^^xAJ^^ = Aj^^Ai/2^i/2(x)(l + A/n)-^/^. 
And it thus follows by the tracial property of r that 

r(Aj/^xAj/^) = r(Ai/„(Ti/2(x)). 

The result of the lemma is now a consequence of Lemma 2.8 and Lemma 2.9. □ 

From now on we will omit the ~ from the functional (p = ''"(^O • ~^ C. We 

end this section by showing that is a twisted trace on L^(0, r). 

Proposition 2.11. Let x G LP{(j),T) and y G L'^{(j),T) with l/p+ 1/q = 1. Then the 
operators x ■ y and ai{y) ■ x lie in the derived -space and we have the identity 

(t){xy)=<P{a,{x)y). (2.1) 
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Proof. As usually, we restrict our attention to the dense subspaces of bounded analytic 
operators. We start by noting that Axy = A^/Pcr_i/g(x) ■ A^/iy. Using the tracial 
property of r : L^(r) — )■ C we can then compute as follows 

^{xy) = r(AVPa_i/g(x) • AV^y) = r(Ai/9y • Ai/Pa_i/,(a;)) 
= T{Aai/p{y)a_i/q{x)) = (f){ai/p{y)a^i/q{x)). 

The result of the proposition is then a consequence of the invariance of (p under the 
automorphism ai/g G Aut{L^{(l),T)). □ 

Remark 2.12. The derived L^-spaces considered in this section are related to the L^- 
spaces Lp^a{(p), o. G [0, 1] considered by Trunov and Sherstnev in [TrSh85]. An impor- 
tant difference is however our incorporation of the modular group of automorphisms in 
the definition ^^(0, r). We believe that this is necessary in order to obtain many of the 
results proved in this section. 

We also remark that our derived L^-spaces are different from the spatial L'^'-spaces or 
Haagerup L^-spaces associated with the weight as defined in [Con80] and [Haa79, 
Ter]. 

3. Reduced twisted cyclic theory 

In this section we will develop a reduced version of the twisted cyclic theory as it 
appears in [KMT03]. 

Throughout this section we let ^ be a unital algebra over C which comes equipped 
with an automorphism a G Aut(^). Furthermore, we let S C ^ be a subalgebra 
such that a restricts to an automorphism a G Aut(iB). The main idea is then to 
replace the algebra A by the vector space quotient A/B in the definition of the twisted 
cyclic complex. The corresponding theory allows us to incorporate certain invariance 
properties of a (modular) Fredholm module into the definition of the Chern character. 
See also the related concept of invariant cyclic cohomology as defined in [Con04, Section 
9]. 

3.1. Reduced homology. Since the vector space quotient A/B is a bimodule over B 
we can form the tensor product 

" V ' 

n+1 

for each n G N U {0} which is again a bimodule over B. 

For each oj G [A/ B)®^^^^^^ and each b E B we have the twisted commutator 

[uj, b](j = u ■ b — a{b) ■ u. 

We let denote the sub vector space of generated by 

all twisted commutators of the above form. The notation Cn{A/B) will refer to the 
vector space quotient 

Cn{A/B) := (^/i3)®«("+^V[W^)''^^"^'\^]<,- 
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The twisted cyclic operator A : defined by A(ao ® • • • ® a„) : = 

(— l)"cr(an) ® ao ® . . . ® On then descends to a cychc operator A : Cn{A/B) Cn{A/B). 
Remark that 

A(ao ® . . . ® a„_i (g) ban) — A(ao C?) • • • ® a„-ife ® a„) 

= (-l)"'cr(6a„) (g) ao (8) . . . ® a„-i - (-l)"'o-(a„) (g) ao (8 • • • ® (fln-i^) 

thus the cychc operator is only well-defined because we compute modulo twisted com- 
mutators with elements from B. 

Definition 3.1. By the i3- reduced a- twisted cyclic n-chains we will understand the 
vector space quotient 

C^iA/B,a) := Cn{A/B)/lm{l - A). 
We define the twisted Hochschild boundary ■ ^'^("+^) — > by the formula 

n-l 

b„ : ao ^ . . . ® an ^ ^(-l)*ao (g) . . . ® ■ aj+i (g . . . (g) a„ 

1=0 

+ (-l)"'(T(a„)ao (g ai (g . . . (g On-i 

= b'{ao (g . . . (g a„) + (-l)"'o-(a„)ao (g ai (g . . . (g a„_i 

where 6' is the usual boundary operator of the bar complex. It can then be proved that 
we have the identities 

bl = and (1-A)6' = 6,(1-A) (3.1) 

which entail that the twisted Hochschild boundary and the twisted cyclic chains form 
a chain complex. See [KMT03]. The main point is now that the twisted Hochschild 
boundary induces a boundary map on the reduced twisted cyclic chains. Thus the 
twisted cyclic homology exists in a reduced version where the reduction is carried out 
with respect to any subalgebra which is preserved by the automorphism. 

Proposition 3.2. The twisted Hochschild boundary descends to a map 

b^:C^iA/B,a)^C^:_M/S,^)- 
In particular we get a chain complex consisting of the reduced twisted cyclic chains and 
the twisted Hochschild boundary. 

Proof. We start by proving that the map 

6. -.A/B^c--- 8)c A/B ^ C^_M/13, ^) (3.2) 

^ V ' 

n+1 

is well defined. Thus, let Oq, . . . , a„ G A and assume that ai = b E B for some 
i G {0, . . . , n}. We need to prove that 6o-(ao ® • • • ® ««) ~ 0. Now, using the second 
identity of (3.1) we may assume that i = 0. We then have that 

bi,{b (g ai (g . . . (g a„) 

~ 6ai (g a2 (g . . . (g a„ + (-l)"o-(a„)6 (g Oi (g . . . (g a„_i (3.3) 

~ (1 — \){bai (g 02 (g . . . (g a„,) ~ 0. 
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This proves the existence of the map in (3.2). 
We continue by proving that the map 

: Cn{A/B) ^ C^_^{A/B, a) (3.4) 

is well-defined. Thus, let oq, . . . , ctn £ A. and let b E B. We start by proving the 
equivalence 

6^(ao ® . . . (X) ttib (g) Oj+i (g) . . . (g) a„) ~ 6^(ao (g) . . . (g) (g) feoj+i (g) . . . (g) a„) 

for some i G {0, . . . , ri — 1}. Again, using the second identity of (3.1) we may assume 
that i = 0. But in this case the result is straightforward. We conclude by proving the 
equivalence 

6^(00 (g> . . . (g) ttn-i (g) a„6) ~ b^{a{b)ao (g) oi (g) . . . (g) a„). 
This follows from the computation 

b^{ao (g) . . . (g) a„_i (g) a„6) - b^{a{b)ao (g) ai (g) . . . (g) a„) 

n-1 

= ^(-1)* [ao ® . . . (g> ajaj+i (g) . . . (g) a„, 6]^ 

i=0 
~ 0. 

The result of the proposition now follows from the identities in (3.1). □ 

We would like to warn the reader that the twisted Hochschild boundary b^ : 
_^ (Iqq^ j^qi descend to a boundary map on the vector spaces C*(^/i3). 
Indeed, the equivalence in (3.3) is only valid because of the invariance under twisted 
cyclic permutations. In particular, the i3-reduced twisted Hochschild homology is not 
well-defined as such. 

Definition 3.3. By the i3-reduced twisted cyclic homology we will understand the 
homology of the chain complex 

... Ci:{A/B,a) CtM/B,a) . . . 

The cycles and boundaries of degree n will be denoted by Z^^AjB, a) and B^{A/B, a) 
respectively. The homology in degree n will be denoted by H^{A/B, a). 

3.2. Generalized trace. Let us fix some m G N. We let Mm{A) denote the unital 
algebra of (m x m) matrices over A. The automorphism a extends to an automorphism 
a G Aut(Mm(v4)) by entry-wise application. 

Let n G N U {0}. The generalized trace map is defined by 

TR : C^:{MmiA),a) ^ C'M,^) , TR(x° ® . . . ® x") := ® . . . ^ xl,^ 

(io,.-,*n)eN"+i 

on twisted cyclic chains. We note that TR is well-defined since we clearly have the 
identity TR o A = A o TR. 

Lemma 3.4. The generalized trace is a chain map. 

Proof. This is a direct computation. See [Lod98, Corollary 1.2.3] and incorporate the 
automorphism. □ 
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Proposition 3.5. The generalized trace induces a chain map 

TR : C^{MUA)/MUB),a) C^:iA/B,a) 
between reduced twisted cyclic chains. 

Proof. Let a;", . . . , G Mm{A) and let y G M^iB). We need to verify the identities 

TR(y®x^®...®x") = (3.5) 
TR(x° ■ y ® ® . . . ® x") = TR(a;° ® y ■ x'^ ® . . . ® x^) (3.6) 

for the generalized trace TR : C^{Mm{A) , a) C^{A/B, a). Both of them are straight- 
forward and left to the reader. □ 

3.3. Reduced cohomology. 

Definition 3.6. By a B-reduced twisted cyclic n-cochain we will understand a linear 
map if : C^{A/B, a) — ^ C. The vector space of S-reduced twisted cyclic n-cochains will 
be denoted by Cl{A/B, a). 

It follows from Proposition 3.2 that the reduced twisted cyclic cochains can be given 
the structure of a cochain complex. The coboundary operator h" : C^{A/B,cr) — )■ 
C^^\A/B, a) is given by b'^icp) := cp o b^. 

Definition 3.7. By the B-reduced twisted cyclic cohomology we will understand the 
homology of the cochain complex 

... C^{A/B,a) C^+\A/B,a) ... 

The cocycles and coboundaries of degree n will be denoted by Z^{A/B,a) and 
B^{A/B,a) respectively. The homology in degree n will be denoted by H^{A/B,a). 

4. The Chern character of a modular Fredholm module 

In this section we will introduce the notion of a modular Fredholm module with 
respect to a pair consisting of a weight and a trace on a semifinite von Neumann 
algebra. The concept uses the derived L^-spaces which we constructed in Section 2. 
We shall then see how to associate a Chern character in twisted cyclic cohomology to 
a modular Fredholm module. The correct formula is a generalization of the Connes- 
Chern character see [Con94, IV. 1. a] to the case where the operator trace is replaced 
by a weight on a semifinite von Neumann algebra. The construction can be refined to 
the case where the Fredholm module satisfies an extra invariance property with respect 
to a subalgebra. In this case the Chern character is a class in reduced twisted cyclic 
cohomology which we introduced in Section 3. The construction of the Chern character 
relies on the Holder type inclusions of the derived L^-spaces, see Lemma 2.6. 

Let A/" be a semifinite von Neumann algebra. Let r : A/V — [0, oo] be a fixed semifinite 
normal faithful weight and let : A/'+ — )■ [0, oo] be a semifinite normal faithful weight. 
We let {(Jt}t£R denote the modular group of automorphisms for 0. The notation J\f'^ 
refers to the fixed point von Neumann algebra for {at}t£R (or the centralizer of the 
weight 0). The notation A/In refers to the analytic operators in A/" with respect to 
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Definition 4.1. Let p E [1, oo). By an odd unital p-summable modular Fredholm module 
with respect to (</>, r) we will understand the given of a selfadjoint unitary F G JV'^ in 
the centralizer and a unital *-subalgebra A C A/In such that 

(1) The automorphism G Aut(A/'an) restricts to an automorphism G Aut(^) 
for all 2; G C. 

(2) The commutator [F,x] G U'{(f),T) lies in the derived L^-space for all x E A. 

We will use the notation {A,J^, F) for a modular Fredholm module. 

We will say that {A,^/, F) is even instead of odd when there exists a Z/2Z grading 
operator 7 G A^"^ such that X7 = 7X and F7 = — F7 for all x G ^. 

Suppose that J-" := A/", F) is a unital p-summable modular Fredholm module. Let 
n denote the smallest integer of the same parity as the Fredholm module such that 
n + 1 > p. 

Define the {n + l)-linear map Ch^(J-') : A^~^^ — ?■ C by the formula 

Ch^(^)(xo, ...,Xn):= ^0(7"+'F[F, xo] [F, Xi] ■ . . . ■ [F, x„]) , Xq, . . . , x„ G ^. 

We note that Ch^(J') is well-defined since [F,x] G =Sf^(0, r) C L"+^(0, r) and hence 
the product [F, Xo][F, xi] ■ . . . ■ [F, x„] G L^{4>, r) by Lemma 2.7 and Lemma 2.6. 

Proposition 4.2. The character Ch.^{J-') is a twisted cyclic cocycle with twist given by 
the modular automorphism ai G Aut(^). 

Proof. Let xq, . . . ,Xn E A. Using the twisted trace property of (f) : -^"^(0, r) — )■ C we get 
the identity 

0(7-+iF[F,xo] ■ . . . ■ [F,x„]) = (-l)'^0(7"+^F[F,a,(x„)][F,xo] ■ . . . ■ [F,x„_i]) 

This proves that Ch^(J^) G (7^(^,(7^). 
To continue we let y G ^ and note that 

0(7"+i[F,y][F,xo]-...-[F,x„]) 

= -0(7'^+iyF[F, Xo] ■ . . . ■ [F, x„]) + (-l)'^+V(7"+'z/[^, Xq] ■ . . . ■ [F, x„]F) = 

where we have used that cr_i(F) = F since F is an element of the centralizer. 
Now, to see that CW^{J^) is a cocycle we compute as follows 

2(Ch;(^)o6,)(xo,...,x„,l/) 

= (-1)X7"+^F[F, Xo] ■ . . . ■ [F, xj ■ + 0(7"+^Fxo[F, xi] ■ . . . ■ [F, y]) 

+ (-l)"+V(7"+'i^[i^,^.(y)a:o][i^,Xi] ■ . . . ■ [F,xJ) 

= (-1)X7"+^F[F, Xo] ■ . . . ■ [F, xj ■ + 0(7"+^Fxo[F, xi] ■ . . . ■ [F, y]) 

+ (-l)X7"+'[F,a,(y)]xoF[F,xi] ■ . . . ■ [F,x„]) 

+ (-l)X7"+V,(i/)[F,xo]F[F,xi] ■ . . . ■ [F,x„]) 

= 0(7"+^[F,xo]-...-[F,y]) = O. 

This ends the proof of the proposition. □ 
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We will refer to the cohomology class [Ch^(J-')] G H^{A, (Jj) as the Chern character 
of the modular Fredholm module J-". 

It is worthwhile to refine the above situation to the case where B C ^ is a subalgebra 
of A and the modular Fredholm module satisfies certain invariance properties with 

respect to B. 

Thus, let i3 C ^ be a subalgebra of A such that G Aut(^) restricts to an auto- 
morphism of B for all 2; e C. 

Definition 4.3. We will say that the modular Fredholm module is B-invariant when 
the commutator [F, x] is trivial for all x & B. 

We remark that a modular Fredholm module is automatically C-invariant. 

Proposition 4.4. Suppose that is a unital B-invariant p-summahle modular Fred- 
holm module. Then the twisted cyclic cocycle Ch^(J^) e Z^{A,ai) descends to a B- 
reduced twisted cyclic cocycle Ch2(J^) G Z'^^{A/B,(yi). 

Proof. It follows immediately from the ;B-invariance that Ch^{F) is well-defined on the 
tensor product {A/B)'^'^^'^~^^\ Furthermore, using that [F, •] is a derivation we get that 
Ch^(J') descends to Finally, for any y e B we have the identity 

<f>{r^'F[F,xo][F,xi] . . . [F,xny]) = <P{r^'a,{y)F[F,xo][F,x,] . . . 

= (t>{l''^'F[F, (7,(y)xo][F, xi] . . . [F, xn]) 

which shows that Ch^(J^) is well-defined on Cn{A/B). This proves the claim of the 
proposition. □ 

We will refer to the cohomology class [Ch^(J^)] e H^{A/B,ai) as the B-reduced 
Chern character of the modular Fredholm module. 

We end this section by spelling out the standard matrix construction for modular 
Fredholm modules. Let k e N. We can then lift the modular Fredholm module 7" 
to a modular Fredholm module J-k '■— {Mk{A) , Mk{M) , F (g) 1^). The new semifinite 
normal faithful trace and semifinite normal faithful weight are given by (r Tr)(a;ij) = 
^^i=i^{^ii) ^11*^ (0® Tr)(a;jj) = X]i=i respectively. In the even case the new 

grading operator is the diagonal operator 7 ® Ifc. We remark that the new modular 
group of automorphisms is given by {at ® IfcjtgiR where {at ® lk){xij) = {at{xij)). We 
leave it to the reader to verify that J-^ is indeed a modular Fredholm module with 
respect to (0 ® Tr, r Tr) when J-" is a modular Fredholm module with respect to 
(0, r). The summability and parity is preserved and J^k is Mfc(i3)-invariant when is 
B-invariant. We will often use the notation 0, r : Mk{N)+ [0, 00] and {at} for the 
induced weights, traces and modular automorphism groups on the matrix von Neumann 
algebras hoping that this will not cause any confusion. 

Lemma 4.5. Suppose that T is a unital B-invariant p-summahle modular Fredholm 
module. The Mk{B)-reduced Chern character [Ch^(J'fc)] G H^{Mk{A)/Mk{B),ai) 
agrees with the cohomology class TR* ([Ch^(J-')]) where TR* : H^{A/B,ai) — )■ 
H^{Mk{A)/Mk{B),ai) is the cohomological version of the generalized trace. 
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Proof. Let x°, . . . , a;" G Mk{A). We then note that 

((A7"+iF ® Ifc) [F U, x°] [F ® U, x^] ■ . . . ■ [F ® x"])^^^^^ 

= Yl ^^m<,MF,xij-...-[F,xij. 

(n,...,j„)eN" 
In particular we get that 

2Ch;(J-,)(x°,...,x") 

= (r ® Tr) ((A7"+iF ® U) [F ® U, x°] [F ® U, x^] ■ . . . ■ [F ® U, x"]) 

= 5^ r(A7"+^F[F,x° ,J[F,x,\,J ■ . . . ■ [F,xr„,J) 

(jo,.--,in)6N"+l 

= (Ch^(J^)oTR)(x°®...®x") 
and the lemma is proved. □ 

Remark 4.6. The definition of a modular Fredholm module and its associated Chern 
character is very much related to a recent preprint of Rennie, Sitarz and Yamashita, 
[RSYll]. However, the precise relation between the two concepts of modular Fredholm 
modules still needs to be clarified. 

5. Modular spectral triples 

In this section we shall see how a finitely summable modular spectral triple gives rise 
to a modular Fredholm module and thus in particular admits a Chern character. The 
concept of a modular spectral triple has emerged from the series of papers [CRT09, 
CPRIO, CNNRll, ReSeII]. It is a generalization of a semifinite spectral triple, 
[CPRS06A, CPRSOGb], which in turn is a generalization of the notion of a spectral 
triple, [Con94, CoMo95]. The main point in the modular version of a spectral triple 
is to enable the use of a weight instead of a trace to measure the growth of the resolvent. 
In order to incorporate some of our examples we need to enhance the definition of a 
modular spectral triple even further by allowing for twisted commutators in the style 
of A. Connes and H. Moscovici, [C0M0O8]. 

Let A/" be a semifinite von Neumann algebra. 

Let : Af+ — )■ [0, 00] be a strictly semifinite normal faithful weight with modular 
group of automorphisms {at}tm- The adjective "strictly" means that descends to 
a semifinite normal faithful trace on the fixed point von Neumann algebra M''^. In 
particular we have the noncommutative L^-spaces L^{Af'^, 0), p G [1, 00). Furthermore, 
we have the C*-algebra of compacts )C{Af'^, 0) which is the smallest norm closed *-ideal 
in Af'^ containing the projections Q G M'^ with 0((5) < 00. 

Definition 5.1. By an odd unital modular 6-spectral triple with respect to the weight 
: Af+ — 7- [0, 00] we will understand a triple {A,Af, D) such that 

(1) ^ is a unital *-subalgebra of the semifinite von Neumann algebra M which in 
turn acts on a separable Hilbert space 

(2) D : &{D) — 7- H is an unbounded selfadjoint operator affiliated with the fixed 
point von Neumann algebra M" . 
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(3) 9 : A ^ A is a.n algebra automorphism of A. 

(4) Each element x & A is analytic with respect to the modular automorphism 
group {at} and the operator az{x) G ^ is contained in A for all z E C 

(5) Each element x A preserves the domain of D and the twisted commutator 
[Djxje = Dx — 6{x)D : Si{D) — )■ 1-i extends to an analytic bounded operator. 

(6) The resolvent (A — D)~^ e /C(A/''^,0) is compact with respect to the trace : 
A/"^ — )■ [0, oo] on the fixed point von Neumann algebra for all A G C \ M. 

The modular spectral triple is said to be even instead of odd when there exists a 
Z/ (2Z) grading operator 7 G such that 7X = X7 for all x G ^ and 7D = —D'-f. 

Let p G [1, 00). We will say that the modular spectral triple is p-summable when the 
resolvent (A - D)'^ lies in the L^-space ^^(A/''', 0) for all A G C \ R. 

We will say that the modular spectral triple is Lipschitz regular when the twisted 
commutator [|D|,x]6i with the absolute value extends to an analytic bounded operator 
for all X E A. 

Let B C A'' be a sub-algebra of the fixed point algebra A'^ := {x G A\at{x) = 
xt E M}. We will then say that the modular spectral triple is B -invariant when the 
commutator [D,x] = is trivial for all x E B. 

Remark 5.2. It is not hard to see that when = Id we get a unital semifinite spectral 
triple {A'^,N''^,D) over the fixed point algebra out of a unital modular spectral triple. 

We shall now see how a unital p-summable Lipschitz regular modular ^-spectral triple 
gives rise to a unital p-summable modular Fredholm module in the sense of Definition 
4.L Let us fix a semifinite normal faithful trace r : A/^ — [0, 00]. 

Lemma 5.3. We have the inclusion of * -ideals 
for all p G [1, 00). 

Proof Let x G {X'' , (f)) . We thus have that (f){\x\P) < 00. Now, let A : ^(A) -> 
L'^{t) denote the Radon-Nikodym derivative of (p with respect to r. We then have the 
convergence result 

<P{\x\n = lim r(A;/>rA;/^) = hm r(Ai/„|xr). 

It follows that the sequence of bounded positive operators Ai/„|x|^ converges in 
L^{J\f,T) to some r- measurable operator y G L}{N',t). We start by proving that 

y = 

Let P := E{[0, 1]) denote the spectral projection associated with A and the interval 
[0, 1]. We then have that Py = lim„_^oo -PAi/„|x|^ = AP|x|^ where the convergence is 
in measure. On the other hand, A~-'^(l — P)y = lim„_!.oo(l + A/n)^-'^(l — P)|a;p where 
the convergence is in measure. But by normality we also have that lim„^ooT((l + 
A/n)~^(l — P)|a;|^) = r((l — P)|x|^). These observations imply the identity A~-'^(l — 
P)y = (1 — P)|a;|^ and we conclude that y = A|x|^, thus G L}[(f),r). 

Next, since x G A/""" we get that x G =Sf^(0, r) if and only if |x| G =Sf^(0, r). We 
aim at proving the identity {^\x\pY^p = ^^^p\x\ which implies the desired result, |x| G 
^P(0,r). 
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We start by noting that (A|x|^)* = |x|pA C A|xp. This imphes that A|x|^ is 
selfadjoint by r-measurabihty. We now define the projection -^(A, fi) = -E'a(A) ■ E\j.\p{^) 
for all A,/i G M where {-EA(A)}AeR and {£'|j;|p(/x)}^g]R denote the resolutions of the 
identity associated with A and \x\^. Remark that E{X,fi) is a projection since \x\^ G 
M'^. It follows that {i?(A, /x)}A,^gR is a resolution of the identity as well. In particular, 
we have the associated unbounded selfadjoint positive operator 

z := X ■ n dE[X, n) 

See [Rud91, Theorem 13.24]. Now, it is not hard to see that we have the inclusion 
|x|^A O z of unbounded operators. It thus follows by selfadjointness that A|a;p = z. 
By [Rud91, Theorem 13.28] we then have the identities 

z^/p=[ X^/P ■ ^i^/PdE{X,fi) = [ X- fidE{XP,fiP). 

J[0,oo)2 J[0,oo)2 

Now, as before we have the inclusion |x|A^/p C /^^p A ■ fj.dE{XP, fx^) of unbounded 
operators. (Indeed i?A(A^) = E^i/p{X) and E^^^i/p{fi) = E\x\{iJ')). But this inclusion 
implies that z^^'^ C A^/^'lxl and it therefore follows by the r-measurability of z^^'^ = 
{A\x\Py/P that {A\x\Py/P = A^/P\x\ as desired. □ 

We let F = 2P — 1 denote the phase of the unbounded selfadjoint operator D. Thus, 
P = E£i{[0, oo)) is the spectral projection associated with D and the halfiine [0, oo). 

Proposition 5.4. Suppose that {A,f/,D) is a unital modular 6-spectral triple with 
respect to the weight cf). Let p G [l,C)o) and suppose furthermore that [A^M^D) is 
Lipschitz regular and p-summable. Then the triple {A,Af,F) is a unital modular p- 
summable Fredholm module with respect to {4>,t). The parity of the two triples is the 
same and the grading operators coincide in the even case. 

Proof. We only need to verify the second condition in Definition 4.1. The other condi- 
tions follow easily from the assumptions on the modular spectral triple. 

Let us form the bounded operator Fd := D{1 + \D\)~^ and let x E A. We can then 
compute the commutator as follows, 

[Fd, x] = D{1 + \D\)''x - xD{l + \D\)-' 

= D{1 + \D\)-'x + [D, 0-\xMl + \D\)-' - De-\x){l + \D\)-' 

= [D,e-\xUi + \D\)-' 

+ D{1 + \D\)-'{x{l + \D\) - (1 + \D\)e-\x)){i + \D\y' 

= [D, e-\xMl + \D\)-' - Fn{[\Die'\x)] ^ + [1, e-\x)]e){l + \D\)-' 

This shows that the commutator [Fo, x] lies in the derived L^-space. Indeed, by assump- 
tion all the commutators appearing are analytic operators and the resolvent (1 -|- |-D|)~^ 
is derived p-summable by Lemma 5.3. Remark that LP{(f), r) is a module over A/In by 
Lemma 2.5. 
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To continue we note that FD = \D\ where F = 2P — 1 is the phase of D. In particular 
we get that F-F^-l = \D\{1 + \D\)-'^ - 1 = -{1 + \D\)-^ e LP{cf),T). But this imphes 
that [F, x] G LP{(f), r) for all a; G ^ C A/In and the proposition is proved. □ 

We remark that the modular Fredholm module {A^ Af, F) is i3-invariant if the mod- 
ular spectral triple {A,J\f, D) is i3-invariant for some subalgebra B C A" . 

As a consequence of the last proposition we can make the following definition: 

Definition 5.5. Let {A^M^D) be a unital p-summable Lipschitz regular modular 9- 
spectral triple. By the Chern character of (Ajf/jD) we will understand the Chern 
character of the unital p-summable modular Fredholm module [A, J\f, F) construced in 
Proposition 5.4. The Chern character will be denoted by Ch^{A, J\f , D) G (Xj). 

In case the modular spectral triple (AjA/jD) is i3-invariant we also have the B- 
reduced Chern character Ch'^iA, Af , D) G H^{A/B,(Ti). 

6. The Chern character of a modular unitary 

In order to extract interesting numerical information from an algebra A using the 
Chern character of a modular Fredholm module we need to construct a Chern character 
from a class of objects in the algebra to the reduced twisted cyclic homology. In the 
non-twisted odd case a good class to look at is the unitaries in finite matrices over 
the algebra. In the twisted odd case an extra condition on the relation between the 
modular automorphism group and the unitary is needed. 

Let A/" be a semifinite von Neumann algebra and let (p : A/^ — t- [0, oo] be a semifinite 
faithful normal weight on Af with modular group of automorphisms {cr*}. Let A C A/In 
be a unital *-subalgebra of the analytic operators such that crz{x) G A for all 2; G C 
and all x E A. 

We let A'^ denote the fixed point algebra for the one-parameter group of automor- 
phisms at : A ^ A. Let B C A'^ be a unital *-subalgebra of the fixed point algebra. 

Definition 6.1. Let u G V(k{A) be a unitary over A. We will say that u is right 
B-modular when u*az{u) G GLk{B) for all 2 G C. 

Lemma 6.2. Suppose that u G lAk{A) is a right B-modular unitary. The assignment 
z Qz := u*az{u) G GLk{B) is then a complex-parameter group of invertibles such 
that {qzY = Q-z- In particular we get that the invertible element gu is selfadjoint and 
positive for all t G M. 

Proof. Let z,w G C. We then have that 

Qz- gw = u*a^{u) ■ u*ayj{u) = u*(Jz{u)(Jz{u*)a^+^{u*) = gz+w- 

Since also go = Iwe get that {(^^jzec is a complex-parameter group of invertibles. The 
assertion on the adjoint follows from the computation 

{QzY = (mV^(m))* = crz{u*)u = u*a^z{u) = 9-z- 



□ 
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Let us fix some n E N. Suppose that u e Uk{A) is a right ^B-moduIar unitary. We 
then define the ^B-reduced cTj-twisted cyclic {2n — l)-cycle 

Cht_i(M) := TR(M ®B [u*] (S)B---®B [u] ®6 [u*]) e Zl_,{A/B, a,). 

Here we recall that TR : Z^^_^{MkiA) /MkiB), a,i) Z^^_-^{A/B,(Ti) induces the gen- 
eralized trace on reduced twisted cyclic homology, see Subsection 3.2. 

Definition 6.3. By the Chern character of a right i3-modular unitary in degree {2n — l) 
we will understand the class [Ch2„_i(M)] G H2n-i{A/B,ai) in i3-reduced twisted cyclic 
homology. 

Remark 6.4. The notion of a right ^B-modular unitary is related to the first modular K- 
group as defined in [CPRIO, Definition 4.2]. However our condition is not symmetrized. 
Indeed, the invertible elements az{u)u* are not required to lie in the subalgebra Mj.{B). 
This lack of symmetry might be difficult to capture in the current i^'-theoretic frame- 
work. 

7. The twisted index pairing 

Let A/" be a semifinite von Neumann algebra with a fixed semifinite normal faithful 
trace r : A/^ — t- [0, cxd] and a fixed semifinite normal faithful weight : A/+ — ?■ [0, oo]. 
We let {at} denote the modular group of automorphisms for 0. We will assume that 
is strictly semifinite in the sense that the restriction to the centralizer : — t- [0, oo] 
is a semifinite normal faithful trace. 

Let J-" = {A, JV, F) be an odd unital 2r;,-summable modular Fredholm module with 
respect to (0, r). Furthermore, we let u G Uk{A) be some right S- modular unitary with 
respect to a unital *-subalgebra B C A'^ of the fixed point algebra and the modular 
group of automorphisms {<Jt}- We assume that J-" is i3-invariant, thus [F, b] = for all 
b G B. 

By the work carried out in Section 4 and Section 6 we can associate a num- 
ber to the above data. Indeed, we can form the pairing of Chern characters, 
(Ch2„_i(M), Ch^"~"'^(J^)) G C, in S-reduced twisted cychc theory. 

The purpose of this section is to give an index theoretical interpretation to this num- 
ber. To be more precise, we shall see that the above pairing agress with a twisted index 
of the abstract Toeplitz operator PuP where P is the projection onto the eigenspace of 
F with eigenvalue 1. The twisting of the index means that the dimension of the kernel 
and the dimension of the cokernel are measured with respect to two different traces. 
Let us present the details. 

As in the end of Section 4 we let := ® Tr and r := r ® Tr denote the semifinite 
normal faithful weight and the semifinite normal faithful trace on the matrix von Neu- 
mann Mk{Af). We then have the odd unital 2n-summable modular Fredholm module 
■= {Mk{A), Mk{Af), F) with respect to (0, r) where F := F ® 1^. 

Recall from Lemma 6.2 that g^i := u*a-i{u) G GLk{B) is a positive invertible matrix 
which lies in the fixed point von Neumann algebra of Mk{M) with respect to the weight 
0. In particular we get that the formula il){x) := (l){g^_lfxg^J_f ), x G Mk{J\f)^ defines 
a semifinite normal faithful weight on Mk{N'). Furthermore, we get that the modular 
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group of automorphisms for is given by 9t{x) = at{gtxg-t) for all t G M. Here 
gt := u*at{u). See [PeTa73, Theorem 4.6]. 

We note that the weights : Mk{N')+ — )■ [0, oo] and il) : Mk{N')+ — )• [0, oo] are auto- 
matically strictly semifinite since : A/'+ — t- [0, oo] is strictly semifinite by assumption. 

Our first concern is to define a twisted index pairing of u and J-". We start by stating 
a well-known lemma. 

Lemma 7.1. Let x M. he an element in a von Neumann algebra Ai and let v E M. 
he the partial isometry of the polar decomposition x = v\x\. Let m G N. We then have 
the formulas 

{l-x*x)"'-{l-v*v) = {l-x*x)"'v*v and 
(1 - xx*r - (1 - vv*) = (1 - xx*rvv*. 

Next, let P G MkiAf)''' denote the projection P ■= {F + l)/2. 

Lemma 7.2. The orthogonal projection onto the kernel of PuP + 1 — P lies in the 
trace ideal L^{Mk{N)'^ associated with ip and its centralizer Mk{NY' ■ The orthog- 
onal projection onto the kernel of Pu*P + 1 — P lies in the trace ideal {Mk{Af)'^ , (p) 
associated with and its centralizer Mk{N')'^ = Mk{N''^). 

Proof. The projection onto the kernel of PuP + 1 — P lies in Mk{N')'^ since 

at{Pu*PuP + 1 - P) = Pat{u*)Pat{u)P + 1 - P = P{ugtyPugtP + 1 - P 

= g^t{Pu*PuP+l-P)gt. 

Here we use that gtP = Pgt by the S-invariance of our modular Fredholm module. On 
the other hand we have that 

at{PuPu*P + 1 - P) = PugtPg-tu*P + 1 - P = PuPu*P + 1 - P, 

which shows that the projection onto the kernel of Pu*P + 1 — P lies in Mk{M'^). 

Let V be the partial isometry associated with the polar decomposition of the operator 
PuP + 1 - P. We need to show that I - v*v e L^{Mk{J\fy ,ip) and that I - vv* e 

L\Mk{U't>)A)- 

To obtain this, we note that 

P - PuPu*P = P - P[u, P]u*P G L'^'"-\(f), r) and 
P - Pu*PuP = P - P[u*, P]uP G L'^'''-\(f), r), 

by the 2n-summability of our modular Fredholm module. Thus, from Lemma 2.6 we 
get that (P - PuPu*P)2" , ^-/^(P - Pu*PuPf ''gl''^ G ^^(0,r). It then follows by 
Lemma 2.10 that 

0((P - PuPu*Pf'') , ^((P - Pu*PuPf'') < oo. 

We have thus proved the inclusions (P - PuPu^Pf"" G L^{Mk{N'y and (P - 
Pu*PuPf'' G Li(Mfc(A^'^),0). But this implies that I - v*v e L\Mk{M)^,ij) and 
that 1 — vv* G L^{Mk{J^'^), 4>k) by an application of Lemma 7.1. □ 
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Definition 7.3. By the twisted index pairing of the the right i3-modular unitary u G 
Uk{A) and the i3-invariant odd unital 2n-summable modular Fredholm module J-" with 
respect to the pair (0, r) we will understand the difference 

where Kpup and Kpu*p denote the projections onto the kernel of PuP + 1 — P and 
Pu*P + 1 — P respectively. 

We are now going to see that the twisted index pairing coincides with the pairing of 
Chern characters (Cht_i(M), ChJ"^^(J^)) G C. 

Lemma 7.4. Let M. he a von Neumann algebra and let {at} he a one-parameter group 
of *- automorphisms. Let x & M. and suppose the existence of a positive invertible 
element g & Ai such that at{x) = for all t G R. We then have the identity 
at{v) = g^^, t G M for the application of at to the partial isometry v associated with the 
polar decomposition of x = v\x\. 

Proof. We remark that at{x*) = at{x)* = x*g~^*. In particular, we get that x*x G Ai" 
lies in the fixed point von Neumann algebra of {aj}. Now, the partial isometry v is 
given as the strong limit of the sequence f„ := x{l/n + see [Ped79, Proposition 

2.2.9]. But this shows that ativn) = g^^Vn converges cr-weakly to ativ) for all t G M 
(since at is normal). This proves the claim of the lemma. □ 

Proposition 7.5. Letu G Uk{A) he a right B -modular unitary and let = {A,M,F) be 
a B-invariant odd unital 2n-summable modular Fredholm module with respect to (0, r). 
We then have the identity 

/I \n+l 

i^^(Cht_i(«),ChJ"-i(^)> = Ind^PuP) 
between the pairing of Chern characters and the twisted index pairing. 

Proof. We start by remarking that it follows by the right modular condition on u that 
[u]®B. . .®b[u*] = -[(ri{u*)]®B. . .®bM = -9-^^[u*](S)B- ■ where := u*az{u). 

Here we compute inside the reduced twisted cyclic chains C2n-i{.A/B, ai). By definition 
of the Chern classes and by Lemma 4.5 we thus get that 

= \{[U] ®B---®B[u*lC\^r'^^^)) 

= l?--^[P\P,u\ ■ . . . ■ \P,u*\) - 22"-V(^7^'P[P,«1 ■ . . . ■ [P, 

To continue we note that P\P,u\\P,u*\P = PuPu*P - P and that P[P, u*][P, u]P = 
Pu*PuP — p. To ease the notation we let PuP + 1 — P = x. We thus have that 

(Cht_i(«), Chf-\F)) = 22"-V((a:x* - 1)") - 2'--'<l>ig'S'ix*x - irg'J,'). 
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Let V denote the partial isometry associated with the polar decomposition x = v\x 
By an application of Lemma 7.1 we then get the identity 



We now remark that (1 — x*x)v* = v*{l — xx*). Thus, Proposition 2.11 and Lemma 
7.4 we get that 



(pig-iil - x*x)''v*v) - 0((1 - xx*)\w*) = <l){g^iv*{l - xx*)''v) - 0((1 - 
= (j){g^iV*{l - xx*)''v) - (f){ai{v*){l - xx*)''v) = 0, 



Remark 7.6. It is an interesting question to compare our twisted index pairing with 
the index problem appearing in [ReSeII, Section 2.2]. We leave this as a subject for 
further research. 



In recent work of Carey, Neshveyev, Nest and Rennie a modular index pairing is 
constructed, [CNNRll]. The main input data is a C*-algebra A with a strongly 
continuous action of the circle a : ^ Aut{A). The C*-algebra comes equipped with 
a fixed KMS-state : A — )■ C where the KMS-condition is with respect to the circle 
action at /3 G (0, oo). In this section we shall outline how their constructions give 
rise to an A'^-invariant 1-summable modular spectral triple {A, A/", D) in the sense of 
Section 5. Here A'^ is the fixed point algebra for the circle action. In particular we 
get a Chern character Ch^^^{A, 7i, D) e H\{A/ A'^ , (^-ip) with values in the A'^-reduced 
twisted cyclic cohomology. The twist is given by the analytic extension of the circle 
action to the value — z/3 G C. It is then of interest to compare the twisted index pairing 
with the right modular unitaries as constructed in Section 6 with the modular index 
map as it appears in [CNNRll, Theorem 4.11]. 

Let us briefly recall the main constructions of [CNNRll]. 

We start with a C*-algebra A and a strongly continuous actions of the circle 
o" : 5^ — 7- Aut(A). We will think of a as a 27r-periodic one parameter group of au- 
tomorphisms at '■= o"(e**). The notation A'^ := {x G A\at{x) = x , Vt G M} refers 
to the associated fixed point algebra. Under an extra assumption called the spectral 
subspace assumption, see [CNNRll, Definition 2.2], an unbounded A- A" Kasparov 
module {A, X, Dx) is found, see [CNNRll, Proposition 2.9]. The dense *-subalgebra 
A(^ A is the span of the eigenspaces for the circle action, the Hilbert C*-module X is 
a completion of the algebra A and the selfadjoint regular operator Dx '■ ^{Dx) — )■ X is 
the generator of the circle action. The unbounded operator Dx satisfies the invariance 
condition [Dx, x] = for all x G 

In order to obtain numerical invariants the extra data of a faithful KMS-state : 
A — )■ C is introduced. The KMS-condition is understood to be with respect to the circle 




-<Cht_i(n), ChJ"-i(^)> - Ind^iPuP) 

0(///(l - - 0(1 - xxT - Hg'J-il - v*v)g^I^) + 0(1 - vv*) 

0(///(l - x*xYv*vg^lf) - 0((1 - xx*Yvv*). 



since az{Px*P) = g-zPx*P. 



□ 



8. Example 1: KMS-states 
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action at some (3 G (0,oo), thus we have the identity (I){yaz+ii3{x)) = (t>{az{x)y) for all 
z E C, all y E A and all analytic elements x G Aan- 

The KMS-condition implies that the restriction to the fixed point algebra r := (f)\A'^ '■ 
A"" — 7- C is a faithful tracial state. We thus have the Hilbert space H obtained as 
the completion of X with respect to the inner product {^,r])r '■= 't{{^,v)a'^)- We let 
A : X — )■ denote the inclusion. Note that H is a right module over the fixed point 
algebra A'^. We let denote the von Neumann algebra of 74'^-module maps. Thus J\f 
is defined by 

A/" := {T G C{H) I T(e ■ x) = T(0 ■ x , G , Vx G A"}. 

The von Neumann algebra A/" is a semifinite von Neumann algebra with semifinite 
normal faithful trace Tr^ : J\f^ — t- [0, oo] defined by 

Tr,(r):=sup,cxE(^(^)'^^(^))- 

where the supremum is taken over all finite subsets / C X such that Yl^ei — 
Here Gg^g G /C(X) is the compact operator given by 6^^^(C) = ^{^,C)a'^- See also 
[LaNe04, Theorem 1.1]. 

The unbounded selfadjoint operator Dx '■ S>{Dx) X descends to an unbounded 
selfadjoint operator D on H by localization which is affiliated with M . The problem 
is now that the resolvent x{i + -D)~^, x G A is not usually compact with respect to 
the trace Tr,- : — t- [0, oo]. However, letting A = e~^^ and passing to the strictly 

semifinite normal faithful weight (po '■ A/+ — t- [0,oo], (pniT) := lim„_j.oo Tr^(A]^y^TA|^y^) 
we have the following: 

Proposition 8.1. Suppose that A is unital. The triple {A^M^D) is a unital odd p- 
summahle A" -invariant Lipschitz regular modular spectral triple with respect to (po in 
the sense of Definition 5.1 for all p > 1. 

Proof. The proof follows from the above observations and [CNNRll, Lemma 4.8]. Note 
that the modular group of automorphisms for (po is given by af'^{T) = ^-P^t^Xe^^^^ . 
In particular we have that (jf^(x) = a^ptix) for all x E A. Remark also that the 
commutator estimates can be proved as for the Dirac operator on the circle. □ 

As a consequence of Proposition 8.1 and the results of Section 5 and Section 4 we have 
the Chern character Ch^^{A,N',D) G H\{A/ A'^ ^a-ip) in 74°"-reduced twisted cychc 
cohomology. Furthermore, as we saw in Proposition 7.5 the pairing of Chern characters 
{C\i^°{u),Ch}^^{A,N' ,D)'^ G C computes the twisted index of the abstract Toeplitz 
operator PuP for any right A'^-modular unitary u G Uk{A). Here P = i?£)([0, cxd)) 
denotes the spectral projection associated with the Dirac operator D and the halfiine 
[0,oo). 

9. Example 2: Quantum SU(2) 

In this section we present a complete computation of the twisted index pairing for the 
modular spectral triple {A{SUq{2)) ,71, Dq) over quantum SU{2) which was introduced 
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in [KaSeI 1]. To be more precise, we shall see that the twisted index pairing Ind<^(PnP) 
is given by the formula 

Ind^iPuP) = ^{Cht{u),Chl{A{SU,{2)),'H,D^)) = C/2 ■ Ti{u ■ u* - a,{u*) ■ u) 

for any right modular unitary u G Uk{A{SUq{2))) . The constant C > is explicit and 
given by C = + 

In particular we get the formula 

Ind^(PM'P) = C/2 ■ {{21 + 1) - [21 + / G U {0} 

for the evaluation at the sequence of corepresentation unitaries. It is worthwhile to no- 
tice that all these values are symmetric polynomials in q and with integer coefficients 
up to the constant C/2. 

9.1. Preliminaries on quantum SU(2). We start by fixing some notation and con- 
ventions for the quantum group versions of the classical Lie-group SU{2). These 
g-deformations of the special unitary matrices were introduced by Woronowicz in 
[Wor87], and we denote them by SUq{2). Our main reference for this part is the 
book [KlSc97] by Klimyk and Schmiidgen. 

Let q G (0, 1). We let A := A{SUq{2)) denote the coordinate algebra for the quantum 
group SUq{2). This is the unital *-algebra generated by the symbols a,h,c,d E A with 
algebra relations 

ah = qba , ac = qca , bd = qdb , cd = qdc , be = cb 

ad — qbc = 1 , da — q~^bc = 1. ^ ^ 

and involution * : A ^ A given hj a* = d and b* = —qc. The coordinate *-algebra 
A can be equipped with the extra structure of a Hopf *-algebra, see [KlSc97, Section 
4.1.2] for example. 

We let U be the unital *-algebra generated by the symbols e, /, k, k^^ G U with 
algebra relations 

k-^k = 1 = kk-^ 

ke = qek , kf = q'^fk (9.2) 

ef-fe = {e-k-')/iq-q-') 

and involution * : U ^ U given by e* = / and k* = k. The *-algebra U can also be 
given the structure of a Hopf *-algebra as in [KlSc97, Section 3.1.2]. 

The quantum group SUq{2) comes equipped with a Haar-state which we will denote 
by h : SUq{2) C. The Haar-state is a faithful state [Wor87]. We will use the 
notation T-ih for the associated GA^S'-space which then comes equipped with an action 
TT : SUq{2) — )■ C(/Hh) of SUq{2) as left-multiphcation operators. 

The coordinate algebra A has a vector space basis {t^^ G ^ | 2/ G N U {0} , n,m = 
—/,...,/}, which are related to the Peter- Weyl decomposition of the Hopf *-algebra 
A{SUq{2)) , see [KlSc97, Theorem 17, Section 4.3.2]. This basis for A is actually an 
orthogonal basis for the surrounding Hilbert space Tih- We will use the notation {^mn} 
for the associated orthonormal basis for Tih and refer to this basis as the corepresentation 
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basis. Each of the matrices := {t''^n}m,n=-i,...,i is a unitary and we will refer to them 
as the corepresentation unitaries. 

There is a *-representation of U as unbounded operators on Hh- The domain of each 
unbounded operator is the *-algebra A C 'H/i regarded as a subspace of the GNS-space 
T-Lh- The corresponding adjoint operation is the formal adjoint of unbounded operators. 
The unbounded operators E, F, K and associated with the generators of U can be 
neatly described in terms of the corepresentation basis. Indeed we have that 



E : Cn ^ y^[/-ri]J/ + n + l],eL,n+i 

F : eL ^ ^J[l + nUl-n + l]qem,n-l ^^'^^ 

■ ^mn y Sin 



Here we use the notation [z\q = '^qZq-i the q-integer associated with some complex 
number 2; G C. We remark that the * -represent at ion comes from the left action associ- 
ated with the dual pairing of Hopf *-algebras U and A{SUq{2)), see [KlSc97, Theorem 
21]. 

We end by describing the multiplication operators 7r(a),7r(c) in terms of the corep- 
resentation basis. We have that 

" • Smn "imn'5m-l/2,n-l/2 ^ "imnSm-l/2,n-l/2 
^I'^J ■ Smn ^ 7imn^m+l/2,n-l/2 7Zmn^m+l/2,n-l/2' 

where the coefficients are given by 



(2i+m+n+l)/2 ( [I - m + l\q[l - H + I] 
[2/ + l]j2/ + 2] 



(_2^+„^+„-l)/2 [l + m]q[l + n], ^ ^'^ 



1/2 



[2/]j2/ + l], 

(m+n-l)/2 ( [I + m + l\q[l - n + l\q '^ ^'^ 
[21 + 1] J2/ + 2\q 

1/2 



(9.4) 



See [DLS^05, Proposition 3.3]. Note however that our conventions are different from 
the conventions applied by D§browski et al. 

9.2. The modular spectral triple. Let 1-L = Tih © 'Hh denote the separable Hilbert 
space given by two copies of the GNS-space for the Haar-state. We will use the notation 
vr := vr I2 : ^ — 7- CiTi) for the diagonal representation with the GNS-representation 
on the diagonal. 

We have the unbounded symmetric operator 

D ■AG.A^V D .-( FK-W" \ 

Dq,o .A®A^n Dq,o .- (1 _ qR-^) / [q - ) 
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and let Dq := Dq Q denote the closure. We will refer to Dq as the q-Dirac operator. 
Furthermore, we have the unbounded diagonal operator 

and let A := Aq denote the closure. Then A is an unbounded positive selfadjoint 
injective operator and we thus have the associated weight : C{l-i)+ — )■ [0, oo] defined 
by 0(T) := lim„^oo Tr(Aj^^TA|^^). The weight (j) is strictly semifinite since A is 
diagonal. The restriction of the modular group of automorphisms {at} to the algebra 
A{SUq{2)) is given by 

^tiCn) = r^*"eL / e U {0} , m, n e {-/, ...,/} 

in terms of the corepresentation basis. 

The main results of the paper [KaSeII] can now be summarized as follows: 

Theorem 9.1. The triple Vq := [A^T-L^Dq) is an odd unital 1-summahle Lipschitz 
regular modular a^2i-spectral triple with respect to the weight (p : C{l-i)+ — ?■ [0, oo] (and 
the operator trace). 

As a consequence of Theorem 9.1 we get the reduced Chern character 

G\il{AH,Dq)eHl{A/C,a,) 

in reduced twisted cyclic homology. The main achievement of the next subsections is a 
complete computation of this reduced Chern character. 

Remark 9.2. We note that the triple {A, Ti, Dq) is related to but distinct from the triple 
{Ajl-LjV) constructed and analyzed in [KRSll]. The difference of the Dirac operators 
is an unbounded diagonal operator when restricted to the dense subspace A® A Ti. 

9.3. Approximation of the generators. In order to compute the reduced Chern 
character of our modular spectral triple it is convenient to work with a different represen- 
tation of SUq{2). This alternative representation approximates the GNS-representation 
in the sense that the difference of representations p — n takes values in the derived L^- 
space. The technique is related to the approximation procedure of [DDLW07, Lemma 
4.4] and [KrWaIO, Lemma 3]. 

Let us define the bounded operator 



1 _ ri'^Wmcl 



m—,n- 



X = a 



I _„/+m+lfi+ rp — h 

P(^)^^L^<| I' (9.5) 



J- y Sm+,n+ X — a 

on l-ih for each generator of SUq{2). Here we use the short notation k+ = k + 1/2 and 
k— = k — 1/2 for addition and subtraction of a half. 

Proposition 9.3. The assignment in (9.5) defines a representation p : SUq{2) — )■ 
C(/Hh) of quantum SU{2). 
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Proof. Since SUq{2) is a universal C*-algebra we only need to verify that the bounded 
operators defined by (9.5) satisfy the *-algebra relations of the generators a, b,c,d G 
SUq{2), see (9.1). This can be proved by a direct computation. □ 

Proposition 9.4. The difference it{x) — p{x) G L^{4>) lies in the first derived Schatten 
ideal associated with the weight : C{'Hh)+ — )• [0, oo] (and the operator trace) for all 
X e A. 

Proof. We only need to prove that the unbounded operator {tt{x) — p{x))K^^ : A — t- Tih 
extends to a bounded operator of trace class for x = a ot x = c. 

Let us assume that x = a. We recall from (9.4) that 7i{a) = 0+ + a_ G C{l-Lh) 
where the terms are defined by a+(^^„) = a^„^;^^„_ and a-(^L) = a«mn^t,m~- The 
coefficients are given by 



+ ^ j2l+m+n+l)/2 ( [/ " ^ + l]g [/ - n + l]g 

''"^ ^ V [2/ + 1] J2/ + 2], 

[l + mUl + n]X'^ 



1/2 



- ^ (_2Z+m+n-l)/2 

^ ' [2/]j2/+l], 

We start by showing that a+ G L^{4'). This is equivalent to proving that the sum 

I 

1=0,1/2,... n,m=-l 

is convergent. However, it follows from basic computations that Q;j"^^g~" < Ciq^ for 
some constant Ci > which is independent of the indices. This proves that a+ G L^{4>) 
since the sum J2i=o 1/2 Q'' ' (^^ + 1)^ < 00 is convergent. 

We continue by proving that a_ — p{a) G L^{4>)- This is equivalent to proving that 
the sum 

I 

Tr|(a_-p(a))K-i|= ^ l«r™n " V^l " < ^ 

Z=0,l/2,... m,n=-/+l 

is finite. Remark that „_ = whenever m = —I or n = —I. In order to estimate this 
sum we note that there exists a constant C2 > such that |(«;'m„)^ — (1 — g2«+2m-^|q,-n ^ 
C2 ■ (i for all indices /, m, n. This can be proved by straightforward computations. 
Furthermore we clearly have that — < a~[^^ + y^l — g2i+2m g^jj Z = 0, 1/2, 1, . . . 
and n, m = — / + 1, . . . , /. These observations entail that 

< C2 ■ ■ (1 - q^)-"^ 
for all / = 0, 1/2, 1, . . ., n, m = — / + 1, . . . , /. In particular we get that 

Tr|(a_-p(a))K-i| <C2(l-g')-'/' q\2lf < 00. 

1=0,1/2,... 
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We have thus proved that 7r(a) — p(a) G L^{(f))- The corresponding result for x = c can 
be proved by similar methods and is left to the reader. □ 

9.4. Computation of the Chern character. Let F = DqlDgl"^ denote the phase of 
the g-Dirac operator Dg. We recall from Section 4 and Section 5 that the formula 

ChliVg) := Chl{A,n,Dq) : {x,y) ^ iTr(AF[F, 7r(a;)][F, 7r(y)]) (9.6) 

defines a reduced twisted cyclic 1-cocycle on the coordinate algebra A for quantum 
SU{2). The purpose of this section is to show that the cocycle Ch^(T'g) agrees with 
a "local" cocycle up to reduced twisted coboundaries. To be more precise, we shall 
see that the reduced Chern character Ch^(T'g) G Hl(A/C, ai) in reduced twisted cyclic 
cohomology is represented by the reduced twisted cyclic cocycle 

A : {x,y) ^ C ■ h{b^Xx,y)). 

Here h : SUq{2) — C is the Haar-state and C > is an explicit constant. In order 
to prove this result, we shall make use of the "approximate" representation for SUq{2) 
which we found in Proposition 9.3 and Proposition 9.4. 

We let a G Zl{A/C,(7) denote the reduced twisted cychc cocycle defined by the 
formula 

a : ix,y) ^ ^Tr(AF[F, p(x)] [F, p(|/)]). 

Thus, comparing with (9.6), we have simply replaced the usual representation of SUq{2) 
by the representation of Proposition 9.3. 

Lemma 9.5. We have the identity a = Ch^('Dg) in the cohomology group Hl{A/C, ai). 

Proof. We define a reduced twisted cyclic 0-cochain by the formula F : x (-> Tr(A(7r(x) — 
p{x))F). It is then not hard to verify that h"^{V) = a — Ch^(r'g) which in turn proves 
the lemma. □ 

Let us introduce the positive trace class operator T : i— i- q^^^^'^^ln.n- We note that 
the unbounded operator TA^^ : Dom(A^^) — H extends to a bounded operator and 
that we have the identity \Dq\-'^ = {q-^ - q){l - T^)-\TA-^), see [KaSeII, Lemma 
3.3]. 

Proposition 9.6. The reduced twisted cyclic cocycle a G Zl{A/C,ai) is given by the 
formula 

a{x,y) = {q~^ - q)TT{p{b^{x,y))R) . 

for all x,y E A/C Here R = {T'^K^'^){1 — T'^)^^T is a positive trace class operator. 

Proof. Let x, ?/ G ^ and let ^ E A® A. We have that 

[F,p{y)m = - q)[Dq{l-T')-\TA-'),p{y)]{0 

= (g-i - q) {Dqil - T')-^Tp{a,{y)) - p{y)Dq{l - TY'T)A-\0- 
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Now, since the diagonal of Dg^ : A Q) A ^ Tih © 'Hh consists of the unbounded 
operators (1 — K~'^) / {q~^ — q) and {qK~'^ — l)/{q^^ — q) we get that 

a{x,y) = Tt{Ap{x)[F, p{y)]) 

= Tr(p(x)((l - q-'K~') + {qR-^ - -T'Y'T p{a,{y)) 

, (9.7) 
- p{xy){{l - q-'K-') + {qK-' - 1))(1 - T^X 



= {q-' - q)TT{p{xy)K~\l - T')-'T - p{x)K-\l - T')-'Tp{a,{y))) . 
To continue from this point we observe that 

K-\l - r2)-iT(0 = K-^T\1 - T^)-'T{0 + K-^T{0 = RiO + ^"'^(0 

for all ^ G ^ C 'H/i, where we recall that R = {K''^T'^){1 — T'^'^^^T is an operator of 
trace class. In particular we get that 

TT{pixy)K-'il - TY'T - p{x)K-\l - T^Y^T p{a,{y))) 

= Ti{p{xy)K-^T - p{x)K~^Tp{a,{y))) + Ti{p{xy)R - p{x)Rp{ai{y))) (9.8) 
= Ti{p{KX^,y))R). 

Here we have used the identity K~^Tp{z){^) = p{a-i{z))K~^T{^) which is vahd for all 
z E A and all ^ G >4. C "H/i. The result of the lemma now follows by a combination of 
(9.7) and (9.8). □ 

Lemma 9.7. The functional x Tr(p(x) ■ R) is invariant under the automorphism 
ai G Aut(^). Thus we have that Tr(p(crj(a;))i?) = Tr{p{x)R) for all x E A. The value 
at 1 is given by 

Tr(R) = ^— ( + ^'^^ 

^ ' g-i -gV(l-gV2)2 ^ (1 _ g3/2)s 

Proof. For each 2; G C we define the operator : ^(T^) — )■ as the closure of the 
diagonal operator given by 1— )■ q^^^^^'^'^^^mn- Let S G C{'Hh)- It is then not hard to 
see that the zeta-function 

z ^ US) = Tr(5T^) 

is well-defined and holomorphic in the half plane Re (2;) > 0. 

Now, let 2 G C with Re{z) > 2 and let S = {T^K-^){1 - T^)-! g C{V,h). We 
note that the operators 5", T and K are diagonal operators with respect to the same 
decomposition of the Hilbert space. In particular they mutually commute and we get 
that 

Up«^))S) = TT{Tp{a,{x))TST^-') = Tr {{TK)p{x){K-XST^-') 
= Ti{p{x)Sr)=Upi^)S). 

This proves the desired invariance result for the functional x Tr(p(x)-R) by the 
uniqueness of holomorphic extensions. 
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In order to compute the trace of i? = (T^K ^)(1 — T^) we note that _R(^^„) = 
q2i+i-2n^'^ — q'^^^^)^'^q''^^^'^^inn- particular we get that 

I 

Tr{R)= Yl - 

Z=0,l/2,... n,m=-l 

The desired formula now follows from basic computations. □ 

Theorem 9.8. The reduced Chern character Ch.]p{'Dq) G Hl{A/C, ai) of the modular 
spectral triple Vg = {A{SUq{2)),T-L, Dg) w.r.t. cj) is represented by the reduced twisted 
cyclic 1-cocycle A : (x, C ■ h{b„.{x,y)) . Here C > is the constant 

C := (g 1 - g)Tr(i?) = _ ^i/2y + _ ^3/2)2 
and h : SUq{2) C is the Haar-state. 

Proof. By Lemma 9.5 we have that the reduced Chern character C\i^{T)q) G 
H\{A/'C,ai) is represented by the reduced twisted cyclic cocycle a. And by Propo- 
sition 9.6 we have that 

a{x,y) = {q^^ - q)TT{p{b^Xx,y))R). 

It follows from the invariance under cTj G Aut(v4) of the Haar-state and the functional 
X (-> — g)Tr(p(a;)i?) (see Lemma 9.7) that the map 

defines a reduced twisted zero cochain V G C°(^/C,crj). The coboundary of F clearly 
agrees with the difference a — A and the theorem is proved. □ 

It is worthwhile to notice that the last theorem can be extended by replacing the 
Haar-state by any linear functional /3 : ^ — ^ C with = 1 and which is invariant 
under the automorphism cij G Aut(^). 

Remark 9.9. It might also be of interest to study the reduced Chern characters of our 
modular spectral triple with respect to a different choice of weight 0. For example, 
we could replace the Radon-Nikodym derivative A by a power A*, for s > 1. This 
change will affect the summability of the modular spectral triple. In particular both 
the twist and the degree of the associated reduced Chern character are affected. See 
also [KaSeII, Remark 4.2]. Another possibility is to perturb the weight by powers of 
the unbounded selfadjoint positive injective operator A/? defined as the closure of the 
diagonal operator A/j,o : ^ q^'^iLn- 

9.5. The twisted index pairing. We end this paper by an investigation of the index 
pairing between the corepresentation unitaries = {tmn} ^ U2i+i{A), I = 0,1/2,... 
and the modular spectral triple {A,'H, Dq). 

Lemma 9.10. Let I G {0, 1/2, . . .}. Then the corepresentation unitary v} = G 
^2i+i{A) satisfies the right modular condition for the modular group of automorphisms 
{cTt}. To be precise, we have that 

{u*ya,{u') = diag(/^ . . . , g"*'^) G GL^i+.i 
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for all z G C 

Proof. This follows immediately since ^"^(t^^) = <i~^^^t^mn 2; G C. □ 

Let / G {0, 1/2, . . .}. We then get a twisted index 

Ind^(PM'P) = (j){g]'^ ■ Kp^ip ■ g]'"^) - (f){Kp^^i^,p) 

where P = l[o,oo)(-Dg) denotes the projection onto the positive part of the spectrum of 
the g-Dirac operator Dq and gi = diag(g~', . . . , g'). 

The results of Section 7 and Subsection 9.4 now allow us to compute this twisted 
index explicitly. 

Proposition 9.11. Let u'' = {t^„} G h{2i+i{A) denote the corepresentation unitary for 
some / G {0, |, . . .}. The twisted index Ind<^(PM'P) associated with the corepresentation 
unitary and the modular spectral triple {A^l-i^Dq) is then given by the formula 

Ind^iPu'P) = i(Chf ChliVq)) = ^ . {{21 + 1) - [21 + 
wnere o - jjr^^rrif + (i_g3/2)2 ■ 

Proof. By Proposition 7.5 and Theorem 9.8 we have the identities 

Ind^(P«'P) = l(Ch?(P® U), [u'] ®Mm [{u'T]) = ^ ■ h{b^,{[u'] ®M.(C) [{u'n) 

= ^h{U^, - ^?,) = f (2/ + 1 - ^ = I (2/ + 1 - [21 + . 

i=-i 

But this computation proves the proposition. □ 

10. Example 3: Podles Sphere 

In this section we show that the spectral triple over the standard Podles sphere 
satisfies the conditions of a 3-summable modular spectral triple for an appropriate choice 
of weight '■ — )■ [0, 00]. In particular we obtain a reduced twisted index cocycle 
C\{A{S^g),n,Dg) G Hl{A{S^g)/C,(Tf). The twisting automorphism a[ G Aut(^(^|)) 
is related to the Haar-state h : SUq{2) — )■ C by the formula h{xy) = h{af{y)x) for all 
x,y ^ A{Sg). It is then an interesting question to compare our reduced twisted index 
cocycle (or its non-reduced analog) with the residue cocycle appearing in [ReSeII, 
Section 4.2], see also [NeTu05, Theorem 4.1]. 

Let us start by recalling the ingredients of the spectral triple on the standard quantum 
sphere as it appears in [DaSiOS] for example. 

We note that the quantum spheres were introduced by Podles in [Pod87]. Let 
q G (0, 1). The coordinate algebra A{Sg) is the unital *-algebra generated by A,B E 
A{Sq) with A = A* satisfying the relations 



AB = q'^BA AB* = q-'^B*A 

BB* = q-^A{l- A) B*B = A{l-q^A). 



34 



JENS KAAD 



The coordinate algebra Ai^S"^) can be realized as a *-subalgebra of A{SUq{2)) by letting 
A = 1 — da and B = dc. The Hopf *-algebra structure on A{SUq{2)) induces a Hopf 
*-algebra structure on A{S^). 

We let and T-L_ denote the Hilbert spaces obtained by 

H+ := span{^^„ | n = 1/2} and K- := span{^^„ | n = -1/2} 

where the closures are taken inside the GNS-space Hh associated with the Haar-state 
on SUq{2). The Hilbert space "H := 1-1+ © "H- is then a Z/(2Z)-graded Hilbert space 
which carries a representation of the quantum sphere S"^ as even bounded operators, 

,:si^ cm p(.) ^ ( ^,^°|^_ ) 

Here vr : SUq{2) — )■ C{T-ih) denotes the GNS-representation of quantum SU{2). 

We let ^1 and A-i denote the dense subspaces of "H^ and "H. defined by : = 
span{^^^ I n = 1/2} and A-i := span{^^^ | n = —1/2}. We then define the unbounded 
operator 

Dq,o := ( ° Q ^ Dq^o ■■ A ©^-1 ^ n. 

We will use the notation Dq := Dq Q for the closure and refer to this unbounded operator 
as the q-Dirac operator. 

In order to define the appropriate weight : jC('H+) — ?■ [0, oo] we let Ar : ^^{Ar) — )■ 
Ti denote the closure of the unbounded diagonal operator Arq : Ai © A-i Ti, 
^Rfli^Ln) = (i^'^iLn- The weight is then given by 

0(T) = hm Tr((A^);/;r(A«);/^) T G 

See Section 2. The restriction of the modular group of automorphisms {(jf} to the 
algebra ^(5'^) is given by (j[{C,lnn) '■— Q^^'^^^mm ''^ = 0. In particular, we have that 
h{xy) = h{a[{y)x) for all x,y & Ai^S"^), see [KlSc97, Proposition 15]. 

The results of [DaSi03, Theorem 8] and [KrWaIO, Lemma 1] then imply the fol- 
lowing: 

Theorem 10.1. The tuple {A{S^),n,Dq) is an even unital p-summable Lipschitz reg- 
ular modular spectral triple w.r.t. the weight (f) for all p > 2. 

We believe that the Hochschild class of the non-reduced version of the Chern character 
Ch^{ A{S g), Ti, Dq) G Hl{A{Sg),a[) coincides with the fundamental Hochschild class 
appearing in [Kra08] for example. See also [KrWaIO]. 
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